Abstract. -We show that up to automorphism of P 2 C there are 14 homogeneous convex foliations of degree five on P 2 C . Using this result, we give a partial answer to a question posed in 2013 by D. MARÍN and J. PEREIRA about the classification of reduced convex foliations on P 2 C .
Introduction
Following [10] a foliation on the complex projective plane is said to be convex if its leaves other than straight lines have no inflection points. Notice (see [11] ) that if F is a foliation of degree d ≥ 1 on P 2 C , then F can not have more than 3d (distinct) invariant lines. Moreover, if this bound is reached, then F is necessarily convex; in this case F is said to be reduced convex. To our knowledge the only reduced convex foliations known in the literature are those presented in [10, we begin by establishing the following theorem classifying the convex foliations of degree 5 on P 2 C which are homogeneous, i.e. which are invariant under homothety.
Theorem A. -Up to automorphism of P 2 C there are fourteen homogeneous convex foliations of degree five H 1 , . . . , H 14 on the complex projective plane. They are respectively described in affine chart by the following 1-forms 1. ω 1 = y 5 dx − x 5 dy;
2. ω 2 = y 2 (10x 3 + 10x 2 y + 5xy 2 + y 3 )dx − x 4 (x + 5y)dy;
3. ω 3 = y 3 (10x 2 + 5xy + y 2 )dx − x 3 (x 2 + 5xy + 10y 2 )dy;
4. ω 4 = y 4 (5x − 3y)dx + x 4 (3x − 5y)dy;
5. ω 5 = y 3 (5x 2 − 3y 2 )dx − 2x 5 dy;
6. ω 6 = y 3 (220x 2 − 165xy + 36y 2 )dx − 121x 5 dy;
7. ω 7 = y 4 5 − √ 5 x − 2y dx + x 4 7 − 3 √ 5 x − 2 5 − 2 √ 5 y dy;
8. ω 8 = y 4 5 3 − √ 21 x + 6y dx + x 4 3 23 − 5 √ 21 x − 10 9 − 2 √ 21 y dy;
9. ω 9 = y 3 2 5 + a x 2 − 15 + a xy + 6y 2 dx − x 4 1 − a x + 2ay dy, where a = 5 4 √ 61 − 31 ;
10. ω 10 = y 3 2 5 + ib x 2 − 15 + ib xy + 6y 2 dx − x 4 1 − ib x + 2iby dy, where b = 5 4 √ 61 + 31 ;
11. ω 11 = y 3 (5x 2 − y 2 )dx + x 3 (x 2 − 5y 2 )dy;
12. ω 12 = y 3 (20x 2 − 5xy − y 2 )dx + x 3 (x 2 + 5xy − 20y 2 )dy;
13. ω 13 = y 2 (5x 3 − 10x 2 y + 10xy 2 − 4y 3 )dx − x 5 dy;
3 ρ 2 and ρ is the unique real number satisfying 8ρ 3 − 52ρ 2 + 134ρ − 15 = 0.
Then, using this classification, we prove the following theorem. 
Let us recall some local notions attached to the pair (F , s), where s ∈ SingF . The germ of F at s is defined, up to multiplication by a unity in the local ring O s at s, by a vector field X = A(u, v)
where ν(g, s) denotes the algebraic multiplicity of the function g at s. The tangency order of F with a generic line passing through s is the integer
, where J k s X denotes the k-jet of X at s and R s is the radial vector field centered at s. The MILNOR number of invariant of F at s (see [1] ). By [6] there is at least a germ of curve C at s which is invariant by F . Up to local diffeomorphism we can assume that s = (0, 0) T s C = {v = 0 } and J 1 s X = λu 
The inflection divisor of F , denoted by I F , is the divisor of P 2 C defined by the homogeneous equation
This divisor has been studied in [11] in a more general context. In particular, the following properties has been proved.
1.
On P 2 C SingF , I F coincides with the curve described by the inflection points of the leaves of F ; 2. If C is an irreducible algebraic curve invariant by F then C ⊂ I F if and only if C is an invariant line; 3. I F can be decomposed into I F = I inv F + I tr F , where the support of I inv F consists in the set of invariant lines of F and the support of I tr F is the closure of the isolated inflection points along the leaves of F ;
4. The degree of the divisor I F is 3d.
The foliation F will be called convex if its inflection divisor I F is totally invariant by F , i.e. if I F is a product of invariant lines.
1.2. Geometry of homogeneous foliations. -A foliation of degree d on P 2 C is said to be homogeneous if there is an affine chart (x, y) of P 2 C in which it is invariant under the action of the group of homotheties (x, y) −→ λ(x, y), λ ∈ C * . Such a foliation H is then defined by a 1-form
where A and B are homogeneous polynomials of degree d without common factor. This 1-form writes in homogeneous coordinates as
Thus the foliation H has at most d + 2 singularities whose origin O of the affine chart z = 1 is the only singular point of H which is not situated on the line at infinity
In the sequel we will assume that d is greater than or equal to 2. In this case the point O is the only singularity of H having algebraic multiplicity d. We know from [3] that the inflection divisor of H is given by zC H D H = 0, where 
The support of the divisor I tr H consists of a certain number n ≤ 2d − 2 of transverse inflection lines T j of order ρ j − 1, 2 ≤ ρ j ≤ d for j = 1, 2, . . . , n. We define the type of the foliation H by
Example 1.3. -Let us consider the homogeneous foliation H of degree 5 on P 2
A straightforward computation leads to
We see that the set of radial singularities of H consists of the two points their orders of radiality are equal to 2 and 4 respectively. Moreover the support of the divisor I tr H is the union of the two lines x − y = 0 and x + y = 0; they are transverse inflection lines of order 1. Therefore the foliation
Following [3] , to every homogeneous foliation H of degree d on P 2 C we can associate a rational map
C in the following way: if H is described by ω = A(x, y)dx + B(x, y)dy, with A and B being homogeneous polynomials of degree d without common factor, we define G H
it is clear that this definition does not depend on the choice of the homogeneous 1-form ω describing the foliation H .
Conversely, every rational map f :
Let H be a homogeneous foliation of degree d on P 2 C . Notice (see [3] ) that the map G H has the following properties:
(i) the fixed points of G H correspond to the singular points of H on the line at infinity (i.e. 
The following table summarizes the types and the CAMACHO-SAD polynomials of the foliations H 1 , . . . , H 14 . given by
Proof of Theorem A. -Let H be a convex homogeneous foliation of degree 5 on P 2 C , defined in the affine chart (x, y), by the 1-form ω = A(x, y)dx + B(x, y)dy, A, B ∈ C[x, y] 5 , gcd(A, B) = 1.
By [5, Remark 2.5] the foliation H can not have 5 + 1 = 6 distinct radial singularities; in other words it can not be of one of the two types 5 · R 1 + 1 · R 3 or 4 · R 1 + 2 · R 2 . We are then in one of the following situations:
• If the foliation H is of type T H = 2 · R 4 , resp.
then, by [3, Propositions 4.1, 4.2], the 1-form ω is linearly conjugated to
resp. ω
• Assume that T H = 1·R 2 + 2·R 3 . This means that the rational map G H
:
possesses three fixed critical points, one of multiplicity 2 and two of multiplicity 3. By [7, page 79] , G H is conjugated by a MÖBIUS transformation to z → − z 4 (3z − 5) 5z − 3 . As a result, ω is linearly conjugated to ω 4 = y 4 (5x − 3y)dx + x 4 (3x − 5y)dy.
• Let us study the possibility T H = 2 · R 1 + 1 · R 2 + 1 · R 4 . Up to linear conjugation we can assume that
C are then fixed and critical for G H , with respective multiplicities 4, 2, 1, 1. By [3, Lemma 3.9] , there exist constants a 0 , a 2 , b ∈ C * , a 1 ∈ C such that
where P(z) := A(1, z) + B(1, z) and Q(z) := A(1, z) + αB(1, z).
Therefore we have
Replacing ω by 12 a 2 ω, we reduce it to
This 1-form is linearly conjugated to one of the two 1-forms
Indeed, on the one hand, if α = −1, then ω 5 = − 1 4 ω. On the other hand, if 3α 2 − 5α + 3 = 0, then
• Assume that T H = 2 · R 1 + 2 · R 3 . Then the rational map G H admits four fixed critical points, two of multiplicity 1 and two of multiplicity 3. This implies, by [7, 
10 .
In the case where c = −1/2 ± √ 5/10, resp. c = −3/10 ± √ 21/10, the 1-form ω is linearly conjugated
resp. ω 8 = y • By Table 1 , we have on the one hand CS H 9 = CS H 10 , so that the foliations H 9 and H 10 are not linearly conjugated, and on the other hand T H 9 = T H 10 = 1 · R 1 + 2 · R 2 + 1 · R 3 . Moreover, by [7, page 79], up to MÖBIUS transformation there are two rational maps of degree 5 from the RIEMANN sphere to itself having four distinct fixed critical points, one of multiplicity 1, two of multiplicity 2 and one of multiplicity 3; thus up to automorphism of P 2 C there are two homogeneous convex foliations of degree 5 on P 2 C having type 1 · R 1 + 2 · R 2 + 1 · R 3 . As a result, we deduce that if the foliation H is of type T H = 1 · R 1 + 2 · R 2 + 1 · R 3 , then H is linearly conjugated to one of the two foliations H 9 or H 10 .
• Assume that T H = 4 · R 2 . The rational map G H has therefore four different fixed critical points of multiplicity 2. By [7, page 80], up to conjugation by a MÖBIUS transformation, G H writes as
As a consequence, up to linear conjugation
This 1-form is linearly conjugated to ω 11 = y 3 (5x 2 − y 2 )dx + x 3 (x 2 − 5y 2 )dy; indeed
where ϕ = (x + y, 2y).
• Assume that T H = 2 · R 1 + 3 · R 2 . Then the rational map G H possesses five fixed critical points, two of multiplicity 1 and three of multiplicity 2. By [7, page 80] , G H is conjugated by a MÖBIUS transforma-
, which implies that ω is linearly conjugated to
• Let us consider the eventuality T H = 4 · R 1 + 1 · R 4 . We can assume, up to linear conjugation, that 
where P(z) := A(1, z)+ B(1, z), Q(z) := A(1, z)+ αB(1, z) and R(z) := A(1, z)+ βB(1, z). Then we have
Multiplying ω by 2 a 3 (α 2 − α + 1), we reduce it to
with (α 2 − 2α + 2)(2α 2 − 2α + 1)(α 2 + 1) = 0. This 1-form ω is linearly conjugated to
Indeed, the fact that α satisfies (α 2 − 2α + 2)(2α 2 − 2α + 1)(α 2 + 1) = 0 implies that
• Finally let us examine the case T H = 3 · R 1 + 1 · R 2 + 1 · R 3 . Up to isomorphism, we can assume that
where α, β ∈ C \ {0, 1}, c ∈ C * , with α = β. A similar reasoning as in the previous case leads to
with P(α) = 0 where P(z) := 3z 6 − 39z 5 + 194z 4 − 203z 3 + 194z 2 − 39z + 3. The 1-form ω is linearly conjugated to
3 ρ 2 and ρ is the unique real number satisfying 8ρ 3 − 52ρ 2 + 134ρ − 15 = 0. Indeed, on the one hand, it is easy to see that σ is a root of the polynomial P, so that ω 14 = ω(σ). On the other hand, a straightforward computation shows that if α 1 and α 2 are any two roots of P then The foliations H 1 , . . . , H 14 are not linearly conjugated because for all i, j ∈ {1, . . . , 14} with i = j we have (see Table 1 )
This ends the proof of the theorem.
An immediate consequence of Theorem A is the following. so that the equality τ(F , m 2 ) = 4 (resp. τ(F , m 3 ) = 4, resp. τ(F , m 4 ) = 2, resp. τ(F , m 5 ) = 2, resp. τ(F , m 6 ) = 2, resp. τ(F , m 7 ) = 2, resp. τ(F , m 8 ) = 2, resp. τ(F , m 9 ) = 2) implies that the polynomial P (resp. Q, resp. R, resp. S, resp. T , resp. U , resp. V , resp. W ) is identically zero. From P = Q = 0 we obtain a 0 = a 1 = a 2 = a 3 = α 0 = α 
